We extend the empirical likelihood of Owen [Ann. Statist. 18 (1990) by partitioning its domain into the collection of its contours and mapping the contours through a continuous sequence of similarity transformations onto the full parameter space. The resulting extended empirical likelihood is a natural generalization of the original empirical likelihood to the full parameter space; it has the same asymptotic properties and identically shaped contours as the original empirical likelihood. It can also attain the second order accuracy of the Bartlett corrected empirical likelihood of DiCiccio, Hall and Romano [Ann. Statist. 19 (1991Statist. 19 ( ) 1053Statist. 19 ( -1061. A simple first order extended empirical likelihood is found to be substantially more accurate than the original empirical likelihood. It is also more accurate than available second order empirical likelihood methods in most small sample situations and competitive in accuracy in large sample situations. Importantly, in many one-dimensional applications this first order extended empirical likelihood is accurate for sample sizes as small as ten, making it a practical and reliable choice for small sample empirical likelihood inference.
1. Introduction. Since the seminal work of Owen (1988 Owen ( , 1990 , there have been many advances in empirical likelihood method that have brought applications of the method to virtually every area of statistical research. It has been widely observed [e.g., Hall and La Scala (1990) , Qin and Lawless (1994) , Corcoran, Davison and Spady (1995) , Owen (2001) , Liu and Chen (2010) ] that empirical likelihood ratio confidence regions can have poor accuracy, especially in small sample and multidimensional situations. In particular, there is a persistent undercoverage problem in that coverage probabilities of empirical likelihood ratio confidence regions tend to be lower than the nominal levels. In this paper, we tackle a fundamental problem underlying the poor accuracy and undercoverage, that is, the empirical likelihood is defined on only a part of the parameter space. We call this the mismatch problem between the domain of the empirical likelihood and the parameter space. We solve this problem through a geometric approach that expands the domain to the full parameter space. Our solution brings about substantial improvements in accuracy of the empirical likelihood inference and is particularly useful for small sample and multidimensional situations.
To see the mismatch problem, consider the example of empirical likelihood for the mean based on n observations X 1 , . . . , X n of a random vector X ∈ R d . The underlying parameter space Θ is R d itself. But for a given θ ∈ R d , when the convex hull of the (X i − θ) does not contain 0, the empirical likelihood L(θ), the empirical likelihood ratio R(θ) = n n L(θ) and the empirical loglikelihood ratio l(θ) = −2 log R(θ) are all undefined. When this occurs, an established convention assigns L(θ) = 0, and technically L(θ), R(θ) and l(θ) are now defined over the full parameter space. Nevertheless, to highlight the difference between the natural domain of the empirical likelihood and the parameter space, we define the common domain of L(θ), R(θ) and l(θ) as Θ n = {θ : θ ∈ Θ and l(θ) < +∞}.
( 1.1) With this definition, the mismatch can now be expressed as Θ n ⊂ Θ. For the mean, Θ n is the interior of the convex hull of the X i , which is indeed a proper subset of Θ = R d . The mismatch Θ n ⊂ Θ holds for empirical likelihoods in general as the basic formulation common to all empirical likelihoods has a convex hull constraint on the origin, such as the one for the mean above, which may be violated by some θ values in the parameter space Θ.
The convex hull constraint violation underlying the mismatch is well known in the empirical likelihood literature. It was first noted in Owen (1990) for the case of the mean. See also Owen (2001) . To assess its impact on coverage probabilities of empirical likelihood ratio confidence regions, Tsao (2004) investigated bounds on coverage probabilities resulting from the convex hull constraint. To bypass this constraint, Bartolucci (2007) introduced a penalized empirical likelihood (PEL) for the mean which removes the convex hull constraint in the formulation of the original empirical likelihood (OEL) of Owen (1990 Owen ( , 2001 ) and replaces it with a penalizing term based on the Mahalanobis distance. For parameters defined by general estimating equations, Chen, Variyath and Abraham (2008) introduced an adjusted empirical likelihood (AEL) which retains the formulation of the OEL but adds a pseudo-observation to the sample. The AEL is just the OEL defined on the augmented sample. But due to the clever construction of the pseudoobservation, the convex hull constraint will never be violated by the AEL. Emerson and Owen (2009) showed that the AEL statistic has a boundedness problem which may lead to trivial 100% confidence regions. They proposed an extension of the AEL involving adding two pseudo-observations to the sample to address the boundedness problem. Chen and Huang (2013) also addressed the boundedness problem by modifying the adjustment factor in the pseudo-observation. Liu and Chen (2010) proved a surprising result that under a certain level of adjustment, the AEL confidence region achieves the second order accuracy of the Bartlett corrected empirical likelihood (BEL) region by DiCiccio, Hall and Romano (1991) . Recently, Lahiri and Mukhopadhyay (2012) showed that under certain dependence structures, a modified PEL for the mean works in the extremely difficult case of large dimension and small sample size. The PEL and the AEL are both defined on R d , and are thus free from the mismatch problem.
In this paper, we propose a new extended empirical likelihood (EEL) that is also free from the mismatch problem. We derive this EEL through the domain expansion method of Tsao (2013) which expands the domain of the OEL but retains its important geometric characteristics. This EEL makes effective use of the dimension information in the data and can attain the second order accuracy of the BEL. The most important aspect of this EEL, however, is that there is an easy-to-use first order version which is substantially more accurate than the OEL. This first order EEL is also more accurate than available second order empirical likelihood methods in most small sample and multidimensional applications and is comparable in accuracy to the latter when the sample size is large. The focus of the present paper is on the construction of EEL for the mean through which we introduce the basic idea of and important tools for expanding the OLE domain to the full parameter space. Under certain conditions, EEL for other parameters may also be constructed but this will be discussed elsewhere.
For brevity, we will use "OEL l(θ)" and "EEL l * (θ)" to refer to the original and extended empirical log-likelihood ratios for the mean, respectively. Throughout this paper, we assume that the parameter space Θ is R d . The case where Θ is a known subset of R d can be handled by finding EEL l * (θ) defined on R d first and then, for θ / ∈ Θ only, redefine it as l * (θ) = +∞.
Preliminaries.
We review several key results and assumptions for developing the EEL defined on the full parameter space.
2.1. Empirical likelihood for the mean. Let X ∈ R d be a random vector with mean θ 0 and covariance matrix Σ 0 . Two assumptions we will need are:
(A 1 ) Σ 0 is a finite covariance matrix with full rank d; and (A 2 ) lim sup t →∞ |E[exp{it T X}]| < 1 and E X 15 < +∞.
These are also assumptions under which the OEL for the mean is Bartlett correctable [DiCiccio, Hall and Romano (1988) , Chen and Cui (2007) ].
Let X 1 , . . . , X n be independent copies of X where n > d. Let Θ n be the collection of points in the interior of the convex hull of the X i . For a θ ∈ R d , Owen (1990) defined the empirical likelihood ratio R(θ) as
It may be verified that 0 < R(θ) ≤ 1 iff θ ∈ Θ n . Also, R(θ) = 0 if θ / ∈ Θ n . Hence, the domain of the OEL l(θ) = −2 log R(θ) is Θ n . For a θ ∈ Θ n , the method of Lagrange multipliers may be used to show that
where the multiplier
Under assumption (A 1 ), Owen (1990) showed that OEL l(θ) satisfies
For an α ∈ (0, 1), let c be the (1 − α)th quantile of the χ 2 d distribution. Then, the 100(1 − α)% OEL confidence region for θ 0 is given by
Under assumptions (A 1 ) and (A 2 ), DiCiccio, Romano (1988, 1991) showed that the coverage error of C 1−α is O(n −1 ), that is,
More importantly, they showed that the empirical likelihood is Bartlett correctable. To give a brief account of this surprising result, let
be the Bartlett corrected empirical likelihood ratio confidence region where b is the Bartlett correction constant and (1 − bn −1 ) is the Bartlett correction factor, DiCiccio, Romano (1988, 1991) showed that C ′ 1−α has a coverage error of only O(n −2 ), that is,
In practice, the Bartlett correction constant b cannot be determined since it depends on the moments of X which are not available in the nonparametric setting of the empirical likelihood. However, replacing the Bartlett correction EXTENDED EMPIRICAL LIKELIHOOD 5 factor in (2.8) with [1 − bn −1 + O p (n −3/2 )] does not affect the O(n −2 ) term in its right-hand side, that is,
This allows us to replace b in (2.7) and (2.8) with a √ n-consistent estimatê b without invalidating (2.8). See DiCiccio, Hall and Romano (1991) and Hall and La Scala (1990) for detailed discussions on Bartlett correction.
2.2. Extended empirical likelihood. The OEL confidence region C 1−α in (2.5) is confined to the OEL domain Θ n . This is a main cause of the undercoverage problem associated with C 1−α [Tsao (2004) ]. To alleviate the problem, Tsao (2013) proposed to expand Θ n which will lead to larger EL confidence regions. Let h n : R d → R d be a bijective mapping and define a new empirical log-likelihood ratio l * (θ) through the OEL l(θ) as follows:
Then the domain for the new empirical log-likelihood ratio is Θ * n = h n (Θ n ). Here, h n plays the role of reassigning or extending the OEL values of points in Θ n to points in Θ * n . Because of this, Tsao (2013) named l * (θ) the extended empirical log-likelihood ratio or simply EEL. In particular, Tsao (2013) used the followingθ-centred similarity mapping h * n :
whereθ is the sample mean and γ n ∈ R 1 is a constant (which we will refer to as the expansion factor ) satisfying γ n ≥ 0 and γ n → 1 as n → +∞. If we choose γ n > 1, then Θ n ⊂ Θ * n ⊂ R d , and Θ * n alleviates the mismatch problem of Θ n . The EEL confidence region for θ 0 is given by
The advantages of the EEL based on h * n in (2.11) are: (1) the EEL confidence regions are similarly transformed OEL confidence regions, as such they retain the natural centre and shape of the OEL confidence regions, (2) the EEL can be applied to empirical likelihood inference for a wide range of parameters, and (3) with a properly selected constant γ n , EEL confidence regions can achieve the second order accuracy of O(n −2 ). Nevertheless, the EEL based on h * n is only a partial solution to the mismatch problem because the domain of this EEL Θ * n is also a proper subset of R d . A second order version of this EEL has been found to have good accuracy in one-and two-dimensional problems. But it also tends to undercover and no accurate first order version of this EEL is available. These motivated us to consider an EEL defined on the full parameter space.
3. Extended empirical likelihood on the full parameter space. Consider a bijective mapping from the OEL domain to the parameter space, h n : Θ n → Θ = R d . Under such a mapping, the EEL l * (θ) given by (2.10) is well defined throughout R d and is thus free from the mismatch problem. In this section, we first construct such a mapping using h * n in (2.11). We call it the composite similarity mapping and denote it by h C n : Θ n → R d . We then study the asymptotic properties of the EEL l * (θ) based on h C n .
3.1. The composite similarity mapping. The simple similarity mapping h * n in (2.11) maps OEL domain Θ n onto a similar but bounded region in R d . If we think of Θ n as a region consisting of distinct and nested contours of the OEL, then h * n expands all contours with the same constant expansion factor γ n . In order to map Θ n onto the full R d , we need to expand contours on the outside more and more so that the images of the contours will fill up the entire R d . To achieve this, consider level-τ contour of the OEL l(θ),
where τ ≥ 0. The contours form a partition of the OEL domain,
In light of (3.2), the centre of Θ n is c(0) = {θ} and the outwardness of a c(τ ) with respect to the centre is indexed by τ ; the larger the τ value, the more outward c(τ ) is. If we allow the expansion factor γ n to be a continuous monotone increasing function of τ and allow γ n to go to infinity when τ goes to infinity, then (such a variation of) h * n will map Θ n onto R d . Hence, we define the composite similarity mapping h C n :
where γ(n, l(θ)) is given by
Function γ(n, l(θ)) is the new expansion factor which depends continuously on θ through the value of l(θ) or τ = l(θ). For convenience, we will emphasis the dependence of γ(n, l(θ)) on l(θ) instead of θ or τ . This new expansion factor has the two desired properties discussed above:
for a fixed n, if l(θ 1 ) < l(θ 2 ), then γ(n, l(θ 2 )) < γ(n, l(θ 2 )); and (3.5)
The inclusion of the denominator 2n in (3.4) ensures that the expansion factor converges to 1, reflecting the fact that there is no need for domain EXTENDED EMPIRICAL LIKELIHOOD 7 expansion for large sample sizes. Also, the constant 2 in the denominator provides extra adjustment to the speed of expansion and may be replaced with other positive constants (see Figure 1) . We choose to use 2 here as the corresponding γ(n, l(θ)) in (3.4) is asymptotically equivalent to a likelihood based expansion factor γ(n, L(θ)) = L(θ) −1/n which we had first considered and was found to give accurate numerical results. The definition of γ(n, l(θ)) in (3.4) uses l(θ) instead of L(θ) because of convenience for theoretical investigations. A more general form of γ(n, l(θ)) will be considered later.
Theorem 3.1 below summarizes the key properties of the composite similarity mapping h C n . Its proof and that of subsequent theorems and lemmas may all be found in the Appendix.
Theorem 3.1. Under assumption (A 1 ), the composite similarity mapping h C n : Θ n → R d defined by (3.3) and (3.4) satisfies: (i) it has a unique fixed point at the meanθ; (ii) it is a similarity mapping for each individual c(τ ); and (iii) it is a bijective mapping from Θ n to R d .
Because of (ii) above, we call h C n the composite similarity mapping as it may be viewed as a continuous sequence of simple similarity mappings from R d to R d indexed by τ = l(θ) ∈ [0, +∞). The "τ th" mapping from this sequence has expansion factor γ(n, l(θ)) = γ(n, τ ). It is just the simple similarity mapping h * n in (2.11) with γ n = γ(n, τ ), and is used exclusively to map the "τ th" OEL contour c(τ ). The latter has been implicitly built into h C n since for all θ ∈ c(τ ), l(θ) = τ which implies the corresponding expansion factor of h C n is the constant γ(n, τ ) that defines the "τ th" mapping. It should be noted that h C n is not a similarity mapping from R d to R d itself due to the dependence of the expansion factor γ(n, l(θ)) on θ and its domain Θ n which is only a bounded subset of R d .
3.2. The extended empirical likelihood under the composite similarity mapping. By Theorem 3.1, h C n : Θ n → R d is bijective. Hence, it has an inverse which we denote by h −C n :
which is defined throughout R d . The contours of l * (θ) are larger in scale but have the same centre and identical shape as that of OEL l(θ). Figure 1 compares their contours with a sample of 11 two-dimensional observations. It shows that geometrically, mapping h C n is anchored at the sample meanθ as it is the fixed point of h C n that is not moved. From this anchoring point, the mapping pushes out/expands each OEL contour c(τ ) proportionally in Fig. 1. (a) Contours of the OEL l(θ) (for which the expansion factor is 1.0); (b) contours of the EEL l * (θ) with expansion factor γ(11, l(θ)) = 1 + l(θ)/3n; (c) contours of the EEL l * (θ) with γ(11, l(θ)) = 1 + l(θ)/2n; (d) contours of the EEL l * (θ) with γ(11, l(θ)) = 1 + l(θ)/n. All four plots are based on the same random sample of 11 points shown in small circles. The star in the middle is the sample mean. The expansion factor increases as we go from plot (b) to plot (d), and correspondingly the EEL contours also become bigger in scale from plot (b) to (d). But the centre and shapes of contours are the same in all plots.
all directions at an expansion factor of γ(n, τ ) to form an EEL contour. The boundary points of Θ n are all pushed out to the infinity.
In the following, we will use θ ′ to denote the image of a θ ∈ R d under the inverse transformation h −C n , that is, h −C n (θ) = θ ′ ∈ Θ n . Of particular interest is the image of the unknown true mean θ 0 ,
Because the inverse transformation h −C n does not have an analytic expression, that for θ ′ 0 is also not available. Nevertheless, Lemma 3.2 gives an asymptotic assessment on its distance to θ 0 . The proof of Lemma 3.2 will need Lemma 3.1 below which shows that inside Θ n , the OEL l(θ) is a "monotone increasing" function along each ray originating from the meanθ.
Lemma 3.1. Under assumption (A 1 ), for a fixed point θ ∈ Θ n and any value α ∈ [0, 1] the OEL l(θ) satisfies
Denote by [θ, θ 0 ] the line segment connectingθ and θ 0 . Lemma 3.2 below shows that θ ′ 0 is on [θ, θ 0 ] and is asymptotically very close to θ 0 .
Using θ ′ 0 , the EEL l * (θ 0 ) can now be expressed as
The following theorem gives the asymptotic distribution of l * (θ 0 ): Theorem 3.2. Under assumption (A 1 ) and with the composite similarity mapping h C n defined by (3.3) and (3.4), the EEL l * (θ) satisfies
The proof of Theorem 3.2 is based on the observation that θ ′ 0 − θ 0 is asymptotically very small. This and (3.8) imply that l * (θ 0 ) = l(θ 0 ) + o p (1). This proof demonstrates an advantage of the EEL: it has the simple relationship with the OLE shown in (3.8) through which we make use of known asymptotic properties of the OEL to study the EEL. Our derivation of a second order EEL below further explores this advantage.
3.3. Second order extended empirical likelihood. It may be verified that Theorems 3.1 and 3.2 also hold under any composite similarity mapping defined by (3.3) and the following general form of the expansion factor, (3.10) where κ and m are both positive constants and δ(n) is a bounded function of n satisfying ε n < δ(n) ≤ a for some constants a > ε n > 0. The availability of a whole family of γ(n, l(θ)) functions for the construction of the EEL provides an opportunity to optimize our choice of this function to achieve the second order accuracy. Theorem 3.3 below gives the optimal choice. Theorem 3.3. Assume (A 1 ) and (A 2 ) hold and denote by l * s (θ) the EEL under the composite similarity mapping (3.3) with expansion factor
where δ(n) = O(n −1/2 ) and b is the Bartlett correction constant in (2.7). Then
In our subsequent discussions, we will refer to an l * s (θ) defined by the expansion factor γ s (n, l(θ)) in (3.11) as a second order EEL on the full parameter space. The EEL l * (θ) defined by γ(n, l(θ)) in (3.4) will henceforth be referred to as the first order EEL on the full parameter space.
The utility of the δ(n) in γ s (n, l(θ)) is to provide an extra adjustment for the speed of the domain expansion which ensures that l * s (θ) will behave asymptotically like the BEL and hence will have the second order accuracy of the BEL. For convenience, we set δ(n) = n −1/2 . The resulting second order EEL turns out to be competitive in accuracy to the BEL and the second order AEL. For small sample and/or high dimension situations, confidence regions based on this second order EEL can have undercoverage problems like those based on the OEL and BEL. Fine-tuning of δ(n) for such situations is needed and methods of fine-tuning are discussed in Wu (2013) .
Finally, we noted after Theorem 3.2 that the first order EEL l * (θ 0 ) can be expressed in terms of the OLE l(θ 0 ) as l * (θ 0 ) = l(θ 0 ) + o p (1). The o p (1) term can be improved and in fact we have l * (θ 0 ) = l(θ 0 ) + O p (n −1 ). See the proof of Theorem 3.2 in the Appendix. An even stronger connection between l * (θ 0 ) and l(θ 0 ) is given by Corollary 3.1 below.
Corollary 3.1. Under assumptions (A 1 ) and (A 2 ), the first order EEL l * (θ) satisfies
The proof of Corollary 3.1 follows from that for Theorem 3.3. This result provides a partial explanation for the remarkable numerical accuracy of confidence regions based on the first order EEL l * (θ).
Numerical examples and comparisons.
We now present a simulation study comparing the EEL with the OEL, BEL and AEL. Throughout this section, we use l * 1 (θ) or EEL 1 to denote the first order EEL with expansion factor (3.4), and use l * 2 (θ) or EEL 2 to denote the second order EEL given by expansion factor (3.11) where δ(n) = n −1/2 . Tables 1 and 2 Bartlett correction constant b, and BEL * , AEL * and EEL * 2 are based onb n which is a bias corrected estimate for b given by Liu and Chen (2010) . Table 1 gives four one-dimensional (1-d) examples. Table 2 contains four bivariate (BV or 2-d) examples; the first three were taken from Liu and Chen (2010) , the fourth is a "2-d chi-square", and here are the details:
(BV 4 ): X 1 and X 2 are independent copies of a χ 2 1 random variable. The D in BV 1 , BV 2 and BV 3 is a uniform random variable on [1, 2] which is used to induce dependence between X 1 and X 2 . We included n = 10, 30, 50 representing, respectively, small, medium and large sample sizes. Each entry in the tables is based on 10,000 random samples of size n, shown in column 2, from the distribution in column 1. Here are our observations:
(1) BEL, AEL and EEL 2 : For n = 30 and 50, these three theoretical second order methods are extremely close in terms of coverage accuracy. This is to be expected as their coverage errors are all O(n −2 ) which is very small for medium or large sample sizes.
For n = 10, the AEL statistic suffers from a boundedness problem [Emerson and Owen (2009)] which may lead to trivial 100% confidence regions or inflated coverage probabilities. This explains the 1.000's in various places in the AEL column and renders the AEL unsuitable for such small sample sizes. Between BEL and EEL 2 , the latter is more accurate, especially for the 2-d examples.
Overall, EEL 2 is the most accurate theoretical second order method.
(2) BEL * , AEL * and EEL * 2 : For n = 30 and 50, the AEL * and EEL * 2 are slightly more accurate than the BEL * , especially in 2-d examples.
For n = 10, the AEL * has higher coverage probabilities but these are inflated by and unreliable due to the boundedness problem. Also, EEL * 2 is more accurate than BEL * . For the "2-d chi-square" in example BV 4 , EEL * 2 is at least 12% more accurate than the BEL * .
Overall, EEL * 2 is the most reliable and accurate among the three. (3) OEL and EEL 1 : These first order methods are simpler than the second order methods as they do not require computation of the theoretical or estimated Bartlett correction factor. The EEL 1 is consistently and substantially more accurate than the OEL. In particular, for 2-d examples with n = 10, the EEL 1 is more accurate by about 10%.
(4) EEL 1 versus EEL * 2 : These are the most accurate practical first and second order methods, respectively. Surprisingly, EEL 1 turns out to be slightly more accurate than EEL * 2 . Only the (impractical) theoretical second order EEL 2 is comparable to EEL 1 in accuracy. This intriguing observation may be partially explained by Corollary 3.1 where it was shown that l * 1 (θ 0 ) = l(θ 0 )[1 + l(θ 0 )n −1 + O(n −3/2 )], which resembles the Bartlett corrected OEL in (2.9) with the constant b replaced by l(θ 0 ). However, this does not account for its good accuracy for small sample sizes, which is due to the fact that EEL 1 makes good use of the dimension information through the composite similarity mapping. We will further elaborate on this in Section 4.2. (5) EEL 1 : Overall, it is the most accurate among the eight methods that we have compared. Importantly, it is not just accurate in relative terms. It is sufficiently accurate in absolute terms for practical applications in most 1-d examples, including cases of n = 10. It is also quite accurate for 2-d examples when n = 30, 50.
4.2. High-dimensional examples. Table 3 contains simulated coverage probabilities for the mean of three high-dimensional multivariate normal distributions (d = 5, 10, 15) . Our main interest here is to probe the small sample behaviour of all methods in high-dimension situations. Because of this, we have included only combinations of n and d where n/d, which we will refer to as the effective sample size, is very small (2 ≤ n/d ≤ 10). The following are our observations based on Table 3: (1) For these high-dimension examples, EEL 1 is the most accurate, surpassing even the theoretical second order EEL 2 . Whereas the OEL uses dimension d only once through the degrees of freedom in the chi-square calibration, EEL 1 uses d twice. The expansion factor for EEL 1 is 1 + l(θ)/2n which implicitly depends on d; the 100(1 − α)% EEL 1 confidence region is just the 100(1 − α)% OEL confidence region expanded by a factor of 1 + χ 2 d,1−α /2n. Hence, EEL 1 uses d through the chi-square calibration of the OEL region and the expansion factor.
For a fixed α ∈ (0, 1), the chi-square quantile χ 2 d,1−α and consequently the EEL 1 expansion factor 1 + χ 2 d,1−α /2n are increasing functions of d. Hence at a fixed n, EEL 1 automatically provides higher degrees of expansion for higher dimensions where this is indeed needed.
(2) For multivariate normal means, Table 3 shows that EEL 1 is accurate when the effective sample size satisfies n/d ≥ 5. However, when the underlying distribution is heavily skewed, the effective sample size needed to achieve similar accuracy needs to be 15 or larger. See Table 2 for some 2-d examples to this effect.
(3) The AEL and AEL * broke down in most cases with 100% coverage probabilities. This further illustrates the observation that AEL methods may not be suitable when the effective sample size is small. Among OEL, BEL, EEL 2 and EEL * 2 , the two EEL methods are consistently more accurate but they are not sufficiently accurate for practical applications except for the case of (d, n) = (5, 50). Table 1 , we computed the average interval lengths of the five practical methods OEL, EEL 1 , BEL * , AEL * and EEL * 2 . Table 4 gives the average length of 1000 intervals of each method and n combination for the N (0, 1) case. For n = 10, the average for AEL * is not available due to occurrences of unbounded intervals; the number beside the N/A is the proportion of times where this occurred. Not surprisingly, intervals with higher coverage probabilities in Table 1 have larger average lengths. That of EEL 1 is the largest but it is not excessive relative to averages of other methods. As such, length is not a big disadvantage for EEL 1 as other methods have lower coverage probabilities. For d > 1, sizes of the confidence regions are difficult to determine. But the relative size of an EEL region to the corresponding OEL region can be measured by the expansion factor. Table 5 contains values of the expansion factor for 95% EEL 1 regions at some combinations of n and d. The expansion factor increases when d goes up but decreases when n goes up, responding to the need for more expansion in higher dimension situations and the need for less expansion when the sample size is large.
Confidence region size comparison. For the 1-d examples in
Finally, we briefly comment on the computation concerning the EEL l * 1 (θ). To compute l * 1 (θ) at a given θ ∈ R d which is just OEL l(θ ′ ) where θ ′ satisfies equation h C n (θ ′ ) = θ, we need to find the multivariate root for function f (θ ′ ) = h C n (θ ′ ) − θ. This is seen as a nonlinear multivariate problem but it is easily reduced to a simpler univariate problem due to the fact that θ ′ ∈ [θ, θ] (see Lemma 3.2 and its proof). When using l * 1 (θ) for hypothesis testing or when simulating the coverage probabilities of the EEL confidence regions, we may use the fact that l * 1 (θ) ≤ l(θ). Hence, we can compute l(θ) first and if it is smaller than the critical value, then there is no need to compute l * 1 (θ) because it must also be smaller than the critical value. Incorporating these observations, our R code for computing the EEL runs quite fast.
5. Concluding remarks. The geometric motivation of the domain expansion method is simple: since the OEL confidence region tends to be too small, an expansion of the OEL confidence region should help to ease its undercoverage problem. What needed to be determined then are the manner in which the expansion should take place and the amount of expansion that would be appropriate. The composite similarity mapping of the present paper is an effective way to undertake the expansion as it solves the mismatch problem and retains all important geometric characteristics of the OEL contours.
With the impressive numerical accuracy of the EEL 1 , the particular amount of expansion represented by its expansion factor (3.4) would be appropriate for general applications of the EEL method.
The EEL is readily constructed for parameters defined by general estimating equations. For such parameters, we use the maximum empirical likelihood estimator (MELE)θ to define the composite similarity mapping in (3.3). Under certain conditions on the estimating function which also guarantee the √ n-consistency of the MELE, Lemma 3.2 and all three theorems of this paper remain valid. A detailed treatment of the EEL in this setting may be found in a technical report by Tsao and Wu (2013) . See also Tsao (2013) for an EEL for estimating equations under the simple similarity transformation (2.11). For parameters outside of the standard estimating equations framework, the EEL on full parameter space may also be defined through a composite similarity mapping centred on the MELE, but its asymptotic properties need to be investigated for each case separately. To conclude, the simple first order EEL 1 is a practical and reliable method that is remarkably accurate when the effective sample size is not too small. It is also easy to use. Hence, we recommend it for real applications of the empirical likelihood method. An intriguing question that remains largely unanswered is why this first order method has such good accuracy relative to the OEL and the second order methods. Corollary 3.1 and the first remark in Section 4.2 suggested, respectively, possible asymptotic and finite sample reasons, but a more convincing theoretical explanation is needed.
APPENDIX
We give proofs for lemmas and theorems below.
Proof of Theorem 3.1. Assumption (A 1 ) and n > d imply that, with probability 1, the convex hull of the X i is nondegenerate. This implies the OEL l(θ) has an open domain Θ n ⊂ R d , a condition that is required for the implementation of OEL domain expansion via composite similarity mapping. Subsequent proofs all require this condition which, hereafter, is assumed whenever (A 1 ) is, and for brevity will not be explicitly restated.
Part (i) is a simple consequence of the observation that γ(n, l(θ)) ≥ 1. To show (ii), let n and τ be fixed, and consider the level-τ OEL contour c(τ ) defined by (3.1). For θ ∈ c(τ ), l(θ) = τ . Thus, the composite similarity mapping h C n simplifies to h C n (θ) =θ + γ n (θ −θ) for θ ∈ c(τ ) where γ n = γ(n, τ ) is constant. This is the simple similarity mapping in (2.11).
To prove (iii), we need to show that h C n : Θ n → R d is both surjective and injective. We first show it is surjective, that is, for any given θ ′ ∈ R d , there exists a θ ′′ ∈ Θ n such that h C n (θ ′′ ) = θ ′ . Consider the ray originating fromθ and through θ ′ . Introduce a univariate parametrization of this ray,
where θ is the unit vector (θ ′ −θ)/ θ ′ −θ in the direction of the ray and ζ ∈ [0, ∞) is the distance between θ (a point on the ray) andθ. Define
It follows that ζ b > 0 as it represents the distance betweenθ, an interior point of the open Θ n , and θ(ζ b ) which is a boundary point of Θ n . Now, consider the following univariate function defined on [0, ζ b ):
We have f (0) = γ(n, l(θ)) × 0 = γ(n, 0) × 0 = 0. Also, by (3.6),
Hence, by the continuity of f (ζ), for
Hence, θ ′′ is the desired point in Θ n that satisfies h C n (θ ′′ ) = θ ′ and h C n is surjective. To show that h C n is also injective, first note that for a given OEL contour c(τ ), the mapping h C n : c(τ ) → c * (τ ) is injective because for θ ∈ c(τ ), h C n is equivalent to the similarity mapping in (2.11) which is bijective from R d to R d . By the partition of the OEL domain Θ n in (3.2), two different points θ 1 , θ 2 from Θ n are either [a] on the same contour c(τ ) where τ = l(θ 1 ) = l(θ 2 ) or [b] on two separate contours c(τ 1 ) and c(τ 2 ), respectively, where
, h C n (θ 1 ) = h C n (θ 2 ) also holds as (3.5) implies c * (τ 1 ) ∩ c * (τ 2 ) = ∅.
Proof of Lemma 3.1. For a fixed θ ∈ Θ n , l(θ) is a fixed quantity in [0, +∞). Define an OEL confidence region for the mean using l(θ) as follows:
Then, C θ is a convex set in R d . See Owen (1990) and Hall and La Scala (1990) . Since l(θ) = 0 and l(θ) ≥ 0,θ is in C θ . Further, by construction, θ itself is also in C θ . It follows from the convexity of C θ that for any α ∈ [0, 1], θ * = (1 − α)θ + αθ =θ + α(θ −θ) must also be in C θ . By (A.1), l(θ * ) ≤ l(θ). Thus, l(θ + α(θ −θ)) ≤ l(θ).
Proof of Lemma 3.2. Since θ 0 = h C n (θ ′ 0 ) =θ + γ(n, l(θ ′ 0 ))(θ ′ 0 −θ),
Noting that γ(n, l(θ)) ≥ 1, (A.2) implies θ ′ 0 is on the ray originating fromθ and through θ 0 and θ 0 −θ ≥ θ ′ 0 −θ . Hence, θ ′ 0 ∈ [θ, θ 0 ]. Without loss of generality, we assume that θ 0 ∈ Θ n . See Owen (1990) . By the convexity of Θ n , [θ, θ 0 ] ⊂ Θ n . It follows from Lemma 3.1 that 0 = l(θ) ≤ l(θ It may be verified using the same steps in the above proof that if the expansion factor γ(n, l(θ)) in (3.4) is replaced with a more general γ(n, l(θ)) = 1 + O p (n −m ) such as that in (3.10) where m > 0, then Lemma 3.2(i) still holds and (ii) becomes θ ′ 0 − θ 0 = O p (n −m−1/2 ). In particular, under expansion factor γ s (n, l(θ)) in (3.11), we also have θ ′ 0 − θ 0 = O p (n −3/2 ).
Proof of Theorem 3.2. Differentiating both sides of (2.2), we obtain ∂l(θ)/∂θ = −2nλ T . By (ii) in Lemma 3.2, θ ′ 0 − θ 0 = O p (n −3/2 ). Applying Taylor's expansion to l * (θ 0 ) = l(θ 0 + (θ ′ 0 − θ 0 )) in (3.8), we have l
By Owen (1990) , λ(θ 0 ) = O p (n −1/2 ). This and (A.5) imply that l * (θ 0 ) = l(θ 0 ) + O p (n −1 ), which together with (2.4), imply Theorem 3.2.
For cases where θ ′ 0 − θ 0 = o p (n −1/2 ), we have l * (θ 0 ) = l(θ 0 ) + o p (1) which also implies Theorem 3.2. Since θ ′ 0 − θ 0 = o p (n −1/2 ) under expansion factor (3.10), Theorem 3.2 also holds for EEL defined by expansion factor (3.10).
Proof of Theorem 3.3. First, note that γ s (n, l(θ)) in (3.11) satisfies conditions (3.5) and (3.6). Thus it may be verified that Theorem 3.1, Lemma 3.2 and Theorem 3.2 hold under the composite similarity mapping given by γ s (n, l(θ)). In particular, the EEL corresponding to this composite similarity mapping, l * s (θ 0 ), converges in distribution to a χ 2 d random variable. Since δ(n) = O(n −1/2 ) and l(θ 
It follows from (A.6), (A.7) and θ ′ 0 − θ 0 = O p (n −3/2 ) that 
